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OPTIMAL DESIGN OF ELASTIC STRUCTURES
FOR MAXIMUM STIFFNESSt

N. C. HUANG;

University of California, San Diego. La Jolla. California

Abstract-The purpose of this paper is to establish a general theory of optimal design of elastic structures such
that the structure with a given volume would have maximum stiffness. A sufficient condition of optimality is
derived from the principle of minimum potential energy. This optimality condition is proven by the variational
method to be a necessary one under the condition that the optimal structure has certain continuity and
differentiability properties. Physical interpretations of the optimality condition are discussed for problems of
beams. plates and trusses. An application of the theory is illustrated in a problem of optimal design of a simply
supported circular plate under uniform pressure. Detailed description of the numerical procedure for the solution
of the plate problem is presented.

1. INTRODUCfION

IN the problem of optimal elastic design of structures for maximum stiffness,§ we usually
define a design variable and ask how the design variable should vary as a function of
position such that the work done by a given load to the structure is maximized while the
total weight of the structure remains constant. The choice of the design variable depends
entirely on the design purpose. For example, in the' problem of optimal design of solid
beams, we may choose the height of the beam as a design variable and keep the width of
the beam fixed or vice versa. In the problems of optimal design of plates we would consider
the thickness of the plate as a design variable. Equivalent problems of optimal design are:
(iI, for given deformation and load, find the variation of the design variable such that the
total weight of a structure is a minimum: and (iiI, for given deformation and total weight
of a structure, find the variation of the design variable such that the applied load is a
maXImum.

A general method of treating a variety of problems of optimal design of sandwich
structures was given by Prager and Taylor [1]. The problems of optimal elastic design of
solid beams to achieve the highest fundamental frequency and of solid columns to reach
the largest buckling load or maximum height have been analyzed by the variational
method in [2-4].

In this paper, we shall deal with the optimal design of elastic structures for maximum
stiffness in a general manner. A necessary and sufficient condition of optimality is derived
by means of the calculus of variation and the principle of minimum potential energy. The
physical meanings of this optimality condition in the problems of beams, plates and trusses
are discussed. An application of the theory is made for the problem of optimal design of a
circular plate with simply supported edge under a uniform pressure.

t The results presented in this paper were obtained in the course of research conducted under Contract
NOOOI4·67·A-OI09·0003, Task NR 064-496 with the Office of Naval Research, Washington. D.C.

: Assistant Professor, Department of Aerospace lmd Mechanical Engineering Sciences.
§ The term "stiffness" used in this paper is measured by the external work done by the load.
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2. BASIC PRINCIPLE

Consider an elastic structure which may be a beam. a plate. a shell or a truss. Let P, and
(ji be the generalized load and the generalized displacement at any point. The external
work is

w = i' piJ· = .1 L dS... '- ! J
11 )

where dS denotes the line element of a one-dimensional structure or the area element of a
two-dimensional structure and U is the unit strain energy. The potential energy is defined as

Therefore

n = rC' dS - I Pib;.
• I

n=-w

121

Let s be the stiffness and t' the specific strain energy or the strain energy per unit stiffness.
we have

L' = sty

Denote the design variable by B = B(S) which is a function of position. For an appropriate
choice of the design variable, the total volume of the structure can be written as

v = c rB dS
.;

where c is a positive constant. The stiffness can usually be expressed as

s = xBn

151

where 1. is a positive constant and n stands for any positive integer. For example. in the
problem of optimal design of a beam of rectangular cross section with fixed width hand
variable height for maximum bending stiffness. we may take the cross-sectIonal area of
the beam as the design variable. We then have c = 1. n = 3 and x = E.112b 2

.). where E is
Young's modulus for the beam materiaL

In general. we have from equations (2). (3). (4) and (6).

n = -w= x rt'BndS- Ip;iJ i .

"' I

For given load. we can consider Was a measure of stiffness.
Let us consider two designs specified by BlS) and SISt Suppose that these two deSigns

would lead to the same stiffness. i.e..

xJ' t'BndS-' PiJ· = x"eSndS- '. pJ.~ I I .:- t !

i ... !

where e and 6i are respectively the specific strain energy and generalized displacement
corresponding to the design B. By the principle of minimum pott:ntial energy. we have

'1 resn dS - I PilS; :s; X rt'sn dS - I Pi.)'
., I .... .
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(10)

because the displacements of the design B are also kinematically admissible for the design
B. From equation (8) and the inequality (9). we have

f e(B" - B") dS 2: O.

If 13 is infintesimally close to B, we may set

13 = B+15B (11 )

(12)

with bB to be a function of position of infinitesimal magnitude. If we substitute equation
(11) into the inequality (10) and neglect the higher order terms of bB we obtain

f eB"-I15BdS ~ O.

If

eB"- I = constant (13)

then fbB dS 2: 0 and the design specified by B is an optimal one in the sense that it does
not have a greater structural weight than any neighboring design of the same stiffness.
Thus equation (13) is a sufficient condition for optimality in this restricted sense. Equation
(13) can also be written as

UIB = constant. (14)

(15)

We shall prove that the optimality condition. equation (13), is also a necessary condition
of optimal design. For given V, the problem of optimal design for maximum stiffness can
be reduced to find B(S) such that the external work W given by equation (1) is maximized
under the subsidiary condition of equation (5). If the design variable is continuous and
differentiable, this problem can be treated by the calculus of variation. We can set the
following variational equation from equations (1), (4), (5) and (6):

bf (eB"-AcB)dS = 0,

where I. is a Lagrange multiplier. The Euler equation of equation (15) would lead to the
optimality condition equation (13). Thus equation (13) is also a necessary condition of
optimal design.

By the condition of optimality and the equation of equilibrium, we can find a solution
for our problem corresponding to a local minimum weight of the structure if this solution
exists. Whether this local minimum is also the absolute minimum depends on the uniqueness
of the solution.

In the problems of optimal design of beams, it is evident from equation (14) that a beam
design is optimal in the sense specified above if the given loads produce deflections such
that the strain energy in any element between adjacent cross sections is proportional to
the weight of this element. Equation (14) can also be written as

M 21(lA) = constant (16)

where M is the bending moment and A and I are the area and the moment of inertia of the
cross section respectively. We can also write equation (16) as

Mhl(lAh 2 yi = constant. (17)
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where h is the height of beams of rectangular cross section or the radius of beams of circular
cross section. Since I is proportional to .4h2

. we have

MIl!! = constant. i 1~1

Accordingly. the optimal design of beams of rectangular or circular cross section is also
the design of uniform strength in which the stresses in the extreme fibres are uniform. By
using this property of uniform strength, we can simplify our analysis of optimal design of
beams, particularly when the problem is statically determinate.

In the problem of optimal design of plates under bending and without stretching, if the
thickness of the plate II is taken as the design variable, equation (14) becomes

119)

where AJ, and iHyare bending moments, /vJ", is the twisting momen t and \' is the Poisson' S

ratio of the material. Equation (19) can also be written as

i~O)

where (J" G"), and t xv are stress components on the surfaces of the plate. An alternative
expression of equation (~O) is

1~1 )

where F. x , C: y and :'x, are strain components on the surfaces of the plate. Therefore the optimal
design of plates under bending and without stretching is the design of constant strain
energy density on the surfaces of the plate. This condition of constant strain energy density
on the surfaces is of course also applicable to the beam problems.

We can also prove by the same method as shown in the beam and plate problems that
the optimum truss of given configuration and volume for maximum stiffness is the one ill

which the stresses per unit area in all members have the same magnitude. In other words.
the optimal design of trusses is also the design of uniform strength.

3. OPTIMAL DESIGN OF CIRCULAR PLATES WITH SIMPLY
SUPPORTED EDGE UNDER UNIFORM PRESSURE

As an illustrative example of the theory developed in the previous section. let us
consider the problem of optimal design of an elastic circular plate of radius a under a
uniform pressure q for maximum stiffness. Again. we shall measure the stiffness of the
plate by the external work of pressure q. Set the origin of a polar coordinates system at the
center of the plate. We shall assume that the optimum plate is axisymmetric. i.e., the thick
ness h and deflection w of the plate are functions of radial coordinate r only. The curvatures
of the deformed plate are

and

%,. = -\i

I
%H = _.-It'

r

i~2)
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where ( )' = d/dr( ). The moment-eurvature relations are

M, = DLv.,+n<e) = -D(\1"+~W')

and

where

The equation of equilibrium is

M, ,Me Q-+M,--+ = 0
I' I'

where

Q = qr/2

693

(24)

(251

(26)

(27)

(28)

is the transverse shear. Substitution of equations (24). (25) and (28) into equation (27)
leads to

(29)

(31 )

(301

where y2 = (d 2/dr2)+(1/r)(d/dr) is the Laplace operator. Equation (29) can be written as

1 1( 1')2cxh 3_(y2".)2 + 6cxh 2h'- w" + -\1' = q
I' I' I'

where IX = E( 1-1'2)- 1 12. If we choose the thickness of the plate h as the design variable.
the condition of optimality. equation (141. becomes

V/h = ~IXh2[(Y21\f-2(1-r)~"'\\'''J = C

where C is a constant.
Let wbe the average deflection of the plate. We have

") fa
if' = "', wl'dr.

a4

o
From equation (I). we have

~f! = }nqwa2 = 2n J: VI' dr = 2nC J: hI' dr = Cv.

After elimination of C from equations (31) and (33). we obtain

2IXVh 2 [(y2 W )2 - 2(1- r)~w'w"J (wa 2
) = q

(32)

(33)

(34)



where

I
I' = -- =

2IT

The edge of the plate IS assumed to be simply supported. We have the followmg
boundary conditions:

\\'(0) = D. i 30)

lI'(al = D. irl

and

M,(a) = D (,SI

Substituting equation (24) into equation (38) and using equation (34). we have

= 0 at r = a,

Since Wla) is bounded.

W"(u) = x.

From equations 12.+1. 138) and 1401. we have

171 a) = 0,

Let us introduce the following dimensionless quanti ies

1411

'( = ,.'u.

and put

d
) =-(

dx
I and

d ~ 1 d
V'2 = + __

d.\ 2 X dx'

Equations 1351. (301. (34). \321. 1361. (37). (40) and (41) can be expressed in terms of these
dimensionless quantities:

-I

J t.\ dx = 1.
o

tJ~ ly2rl + 3t2t.~(y" +_.V,.. )'
.\ '( '(

(2 f, V'2\')2 - 21 1- 1') ~\'r"J:
L .\

.f' = 2 r1 yx d.\:.. ()

dO) = O.

\'11) = O.

\"([) = :r

l.

1451

i461

I-F!!
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[(1) == O.

69S

ISO)

Let 0 == y' be the deflection slope, Equations (44), (45), (471. and (49) can be written in
terms of 11 as

and

,1(., 1,0) ,.1(, ,,)
t'- 0 +-0 -, +3n- (I +-0 = I.

x X x-, x x

[
I I ] II IXt 2 8'2 + 2\'-B(I ,+ jJ2 = 2 x e(~) d; dx.
.\ x 0 I

e(o) == 0

6'(1 ) ==X.

(51 )

(52)

(53)

(54)

(56)

Equations (43) and (50H541 are the governing equations of our problem. Since the non
linearity is involved in the coupled differential equations. we shall solve them by an iterative
procedure. First of all. we shall assume values for e(x). then solve for fIx) from equation
(51) and adjust O(x) such that equation (43) is satisfied. Next. O(x) can be solved from
equations (52). (53) and (54) and fIx) is solved from equations (43) and (51) !lgain, Such
iteration will continue until certain convergence criterion is fulfilled. The process involved
in this iterative procedure will be described in detail in the following,

From equation (54) we can see that close to the edge of the plate there is a region in
which en ~ e' ~ 0 and equations (51) and (52) can be expressed approximately as

1 1
t 3 _()" +3t2 t'-()' = I (55)

x x

and

t 2
g'2 = 2f x f g(n d( dx = 4c7

where C I is a constant. Equations (55), (56) and (50) can be solved explicitly, The solutions are

and

1 2 ~t = -(I-x )2
2c]

(57)

(58)

where C 2 is an integration constant. Let 1- x* be the thickness of the boundary layer
region in which the approximate equations (55) and (56) hold. The values of C I and C2 are
determined by matching the values of eand g' at x = x*. viz..

(59)

and

(60)
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Let, = 'i = Ii - I ILl. where Ll is the mesh size. Set ti, = til,,1 and t, = tt.,,). In the
regIOn \ < ,*. we shall use the following central difference equations to approximate the
derivatives of I1(x):

1
0; = ~((I'-l-lii \)

2~

and

162!

Put

(p(x) = ..~.('II" + 11l_.~i(1), , '-.
and

; ( \' \W(xl = ~- 11 '.- II .
x . ,I

Equation (511 can be written as

I J= ~,Il-(pt l
If; t-

We shall use the open Adams method

tn calculate t; in the first iteration and use the modified Euler's method

1641

16) )

to evaluate t, in the rest nf the iterations. The values of the calculated t(x) depend nn the
values of /1(x) used in equations (61-641. The values of fix) thus calculated may not satIsfy
equation (.+3). Let

.1

I t\ dx = ,II .
.,' n

Then the adjusted values of t(x) and (}(x) would be

and

(""'OJ

Note that such adjustments would cause t)\) and tI"lx) to satisfy equations (.+31 and I ~ i I.
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After t(x) is determined we shall solve for 8(x) from equations (52). (53) and (54). Let us
define 8(x) such that it satisfies the following equations:

t 2 (8'2 +21'!..eri' + -';82) = I (71)
x x·

8(0) = 0 (72)

and

8'(l) = J...

For given t(x) we shall solve for O(x). Let

(3(x) = X
l /t 2

,

Equation (71) can be written as

Therefore

Since

lim ~ = 8'(0).
x-o x

from equation (71). we have

2( I + I') [t(O)/9'(0lF = 1

or

8'(0) = - [2( 1+ 1')J - t[t(O)J - 1.

If we consider equation (79) as a limiting case of equation (78). we have

Let 8j = 8(xJ we have

81 = o.
8'} = -[2(l+1'Jrtt~}.

At the beginning. we shall try

(73)

(74)

(75)

(76)

(77)

(78)

(79)

(80)

(81 )

(82)

(83)

then evaluate 8~ from equation (80) and 82 by iterations according to the following
quadrature formula:

?i ~ e~' ?i,u, = -( }+u,).- 2 -
(84)
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After tJ I and 82 are evaluated. we shall calculate IW > 2) in the region x ~ x* according
to the following procedure:

Iii To use the open Adams method for the first iteration. i.e..

Iii) To use the modified Euler's method for the rest of the iterations. i.e"

We shall choose x* such that it is a grid point. After tJ(x*1 is calculated. we shall evaluate
(1 and (2 according to equations (59) and (60) by replacing t1(x*) by tJL\*) and /1'(x*\ hy
11'1\*). For x > x*. tJtx) is determined according to equation (57).

Let

~ 1 ·x

U) = 2 j x I !il;) d; dx.
"'tJ "" 1

If we set

then

, il

,c r' lit;) d; dx = U)2

~() ..... 1

and 11(x) would satisfy equations (52). (53) and t54l.
This iterative procedure will continue until the following convergence criterion IS

fulfilled:

19() I

where oP(x) is the value of !J(x) appeared tn the previous process of Iteration. At the
beginning of our calculation. we shall take

O(x) = -sin"'l x 19l)

as the initial tried value of ti(x).

The numerical values of t(x) and O(x) are shown in Fig. for \' = J. The average
deflection of the optimum plate is found to be

1921

For a plate of the same volume and uniform thickness. the average deflection is
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FIG. 1. t(x) and 8(x) curves for l' = 1:3.
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Therefore the ratio of the stiffness of the optimum plate to that of a plate of the same
volume and uniform thickness is

rs = 1·582.

4. DISCUSSION

(94)

The proof that the optimality condition. equation (13). is the necessary condition of
optimal design is based on the assumption of continuity and differentiability of the design
variation function. Megarefs [5J has shown in a problem of plastic minimum weight design
or circular solid plate for maximum safety that the volume of the plate can be reduced if
one allows the discontinuity in the variation of plate thickness. In view of the use of
piecewise linear yield conditions with an infinity of compatible strain rates at vertices or
edges of the yield locus. compatibility is less stringent in plasticity than in elasticity. Certain
conditions of continuity and differentiability would be introduced through the compat
ibility equation in the elastic problems.

Since the shear deformations are ignored in our analysis of beam and plate problems.
zero cross sections or zero thicknesses are found at the places where the bending moment
vanishes. Shear stress would become infinite at the zero cross section. In order to make the
design more realistic. shear deformations must be taken into account and the stress at
any point must be restricted within the maximum allowable stress. However the analysis
involving the shear deformation and the restriction of local stresses would become
complicated.
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AOcrp8KT--UeJlblQ HaCTOllWCH pa60Tbi lIB,ll1erClI BblBon oowcii TCOpl111 OnTI1MaJlbHOrO paC'leTa KOHCTpy

KUI1I1 TaK. '!T06bl KOHCTpyKUl1l1 C lanaHblM o6beMoM o6J1ana,Ja MaKCHMaJlbHOH lKCCTKOCTblO. BblBOmlTClI

nOCTaTO'lHOC YCJlOBHe OnTI1MaJlbHOCTI1 11, laKOHa MIlHIlMYMa nOreHUl1aJlbHOil 3HeprllH, 3TO ycnoBlle

lIBnlleTClI HCOOXOnl1MblM B CMblC:IC BapHaUI10HHOrO 'leTOna Torna. KaK onnlMa.:il>Hall KOHcrpyKUllll

OOJlanaeT HeKoropblMH CBHOCTBaMH HenpepHBHOCTI1 II i.UIQJ<PepeHUHa-1bllOCTH. 06Cj'ACla1OTCll QJHlll'lCCKflC

lHa'leHHlI YC~108HlI OnTIlMaJlbHOCTIl :IJllllana'l 6a.10K. nJlaCTIlHOK H QJepM. npll:'vleHClIl1e TenpHH Il.lJllQCrpll

pyen;lI lana'leii OnTIlMaJlbHorO paC'lCTa cBo6onHO onepToil. Kpyr,loil ILlaCTIlHKH non nOCTOllHHOM naBJlC

HIlCM. llaeTclI neraJlbHOC onllCaHl1e TeXHHKH paC'leTa :IJlll peuleHllll lana'lH nnaCTHHKII.


